Starting with a model Hamiltonian, we study using the uniform expansion method conformational behavior of polyelectrolytes in the presence and absence of salt. The uniform expansion method yields all the important local length scales in the polyelectrolyte: the electrostatic blob size at large fraction of charges, the thermal blob size at low fraction of charges and the sizes of pearls (beads) and necklaces (strings) at intermediate fraction of charges. In the presence of salt, the electrostatic blob size depends on the ionic strength and increases with the increase in the salt concentration.
of a charged globule to form a pearl-necklace structure is similar to that of the Rayleigh instability of a charged liquid droplet, where system gains energy by splitting into smaller droplets placed far apart [11, 12] . Scaling theories have provided a deeper insight into the structure of pearl necklaces [13, 14, 15, 16] . However, there are very few analytical theories, mainly based on the Feynman variational method, that confirm the existence of pearl-necklaces in the absence of salt and counter-ion condensation [17, 18] . One reason for the limited literature is that analytical models require explicit contributions from chain entropy, short range two-body attractive, three-body repulsive and long-range screened Coulombic interactions. The inclusion of all these terms is a formidable task in a theoretical description. However, there are methods like the uniform expansion method, which provide systematic and useful way of looking at the systems with many different length scales [19, 20, 21] .
In an earlier shorter communication, one of us used the uniform expansion method in the absence of salt to establish that the globule-to-rod transition is brought about via intermediate pearl-necklaces, which are metastable [22] . The transition was found to be first order in nature. The critical fraction of charges where the first-order transition occured was estimated using Maxwell equal area construction. Although the discontinuous nature of transition was established, the mean size of pearl-necklaces and several other important length scales in polyelectrolytes could not be calculated. Also, how the presence of salt can change the nature of transition and dissolve pearl-necklace structures was not considered.
In this work, we present a detailed calculation for polyelectrolytes in poor solvents in the presence and absence of salt. We start with a model Hamiltonian for polyelectrolytes in poor solvents incorporating entropic, screened electrostatic, two body attractive and three body repulsive terms. We first obtain the mean size of the electrostatic blobs, the thermal blobs, the beads, the strings and pearl necklaces using the uniform expansion method in the absence of salt. The present study exploits the perturbative nature of the uniform expansion method to estimate the important length scales of a polyelectrolyte in a poor solvent. The Hamiltonian based approach adopted here allows for a complete investigation of the phase transition between different conformational states. The details are presented in Section III. In the presence of salt, the screened electrostatic interactions are characterized by the Debye screening length. Depending on the ratio of the Debye screening length and the size of the polymer, the nature of rod-to-globular transition changes from discontinuous to continuous. In Section IV, we study in detail the nature of transition as a function of the salt concentration. We determine the salt concentration which dissolves the pearl-necklace structures and brings about a direct transition.
II. MODEL
The Hamiltonian of an infinitely dilute solution of polyelectrolytes in a poor solvent in the presence of salt is given by
where
where the polymer conformation is decribed by the radius vector r(s) at distance s from one end of the chain; b is the Kuhn length and N is the number of monomers. H 0 describes the entropic elasticity of the chain; H 2 , H 3 and H c account for the two-body attractive, three-body repulsive and the screened coloumbic interactions respectively;
v, w and v c represent the strengths of the two-body, three-body and electrostatic interactions respectively. The temperature dependence of v is given by v = τ b 3 , where τ = |T − θ|/θ is the reduced temperature and θ is the theta temperature [22] . The sign of the two-body interaction term is positive under good solvent conditions and negative under poor solvent conditions. κ is the inverse screening length which depends on the ionic strength by
, where r D is the Debye screening length; c i is the concentration of the ith ion with charge q i ; l B = e 2 /ǫk B T is the Bjerrum length defined as the distance at which the electrostatic interaction between the two elementary charges is equal to the thermal energy k B T and ǫ is the dielectric constant of the medium. The strength of the electrostatic interaction is given by v c = f 2 l B , where f is the fraction of charges along the chain backbone. It is to be noted that the fraction of charges are assumed to be too small to bring about counterion condensation.
In terms of the Fourier transform, the interaction energy can be written as
The calculation of the mean size of the polyelectrolyte using the above Hamiltonian is a difficult task. A self-consistent 
One can now expand R 2 in a perturbative series about the reference Hamiltonian H 1 such that to the first order correction in v one obtains the following variational equation for the unknown parameter b 1 :
where the average is with respect to the following probability distribution:
Since the probability distribution is Gaussian, the evaluation of the averages in Eq. (7) is simple. The details of the calculation are presented in Appendix A; here we simply present the result:
In the above equation, α = R/R 0 is the expansion (or compression) factor, which characterizes the change in the polymer size with respect to the unpertubed size
where β represents the dimensionless ratio of the mean square polymer size with respect to the square of the Debye screening length r D . F (β) is given by
where φ is the probability integral. The first two terms in Eq. (8) account for the entropy of the polymer; the third term is due to the excluded volume interactions between chain segments which is attractive in nature; the fourth term accounts for the electrostatic repulsion; the last term represents the three-body interactions. For convenience,
we have ignored all the numerical coefficients.
III. POLYELECTROLYTE CHAIN IN A SALT-FREE SOLUTION
The limit of β → 0 in Eq. (9) represents the case of a salt-free solution. In this limit F (β)/β 5/2 → 1 and Eq. (8) reduces to
The above equation was solved analytically in Ref. [22] in two opposite limits. In a poor solvent at low fraction of 
Although the approach used in Ref. [22] gives the right prediction for the globular and rod-like state, it can not predict the size of pearl necklaces. This is because the formation of pearl necklaces involves contributions from entropic, steric and electrostatic interactions, and therefore requires comparison of more than two terms.
Strictly speaking, the uniform expansion method is a perturbative approach, where all the interaction terms other than the entropic contribution should be considered as a perturbation [19, 20, 21] . Such an approach can compare more than two terms analytically. In what follows, we make use of the perturbative nature of the uniform expansion method to calculate the local length scales [21] , which are then used to estimate the pearl necklace size. In terms of the blob picture, the above scaling can be reconsidered in the following limiting cases.
A. Polyelectrolytes in poor solvents at low fraction of charges
At low fraction of charges, the electrostatic interaction term (the fourth term in Eq. (10)) can be ignored. In this limit, an important local length scale is the thermal blob size [23] . For sizes less than the thermal blobs ξ T , monomers do not feel the attractive interactions due to the poor solvent conditions and follow gaussian statistics, i.e.,
where N T is the number of monomers in the thermal blob. For sizes larger than ξ T , the thermal blobs are collapsed to form a compact sphere, i.e.,
To get the number of monomers in the thermal blob, let us first consider a region close to the Θ temperature, where τ ∼ 0. In this region, Eq. (10) suggests that α ∼ 1, and the chain follows Gaussian statistics with size given by R 0 ∼ N 1/2 b. As the solvent quality becomes poor, the effects of the attractive interactions are realized at long length scales. However, at short length scales the chain remains ideal with the size dictated by ξ T . This implies that the excluded volume term (the third term in Eq. (10)) is a perturbation to the gaussian size α ∼ 1 as long as τ N 1/2 ≪ 1. The latter gives the number of monomers N T ∼ 1/τ 2 inside the thermal blob of size given by
For N < N T , the statistics is gaussian and the size is dictated by ξ T . For N > N T , the attractive nature of the interaction term dominate and the thermal blobs are space filling with the size given by R glob ∼ (n T ) 1/3 ξ T , where n T = N/N T are the number of thermal blobs. The overall size scales as
which recovers the size of a polymer globule at low fraction of charges.
B. Polyelectrolytes in poor solvent at large fraction of charges
At large fraction of charges, the electrostatic interactions dominate over the attractive interactions, and the latter can be ignored. This limit corresponds to theta solvent, where electrostatic blobs are linearly arranged. In this limit, an important local length scale is the electrostatic blob size, ξ elec . For sizes less than the electrostatic blobs, ξ elec , monomers do not feel the repulsive electrostatic interactions and follow gaussian statistics, i.e.,
N elec is the number of monomers in the electrostatic blobs. For sizes larger than ξ elec , the electrostatic interactions dominate and blobs are linearly arranged to result in an extended state, i.e., R rod ∼ (N/N elec )ξ elec . In this limit, the electrostatic interaction term (the fourth term in Eq. (10)) is a perturbation to the gaussian size α ∼ 1 as long as
Thus the number of monomers N elec that retain the gaussian statistics are given by
such that for N < N elec the statistics is ideal with the size ξ elec ∼ N 1/2 elec b given by
Therefore, a short chain follows gaussian statistics. For N > N elec , the electrostatic blobs are arranged linearly to give the mean size R rod = (N/N elec )ξ elec , where n elec = N/N elec are the number of electrostatic blob at a given fraction of charges. Therefore, the overall size is given by
which recovers the polyelectrolyte rod size at high fraction of charges. In the limit where A detailed analysis of this plot was presented in Ref. [22] , where the Maxwell equal-area construction was used to where the abrupt transition is expected to take place. For τ = 1.0 in Fig. (1) , the scaling predicts the transition at
0. This is very close to the value of f c = 0.9 obtained from the Maxwell equal area construction used in Fig. (1) . Therefore, at the intermediate fraction of charges, the number of monomers inside a Rayleigh blob [5] can be obtained by comparing the third and the fourth terms in Eq. (10) . Since the statistics at the local length scale is gaussian, α ∼ 1, the number of monomers inside the blob are given by
A globule splits into smaller globules as soon as the electrostatic energy,
. The balance of the two terms gives the number of monomers in a Rayleigh blob,
The latter expression is the same as Eq. (16). This is because the surface energy considerations are already there implicitly in the present formalism in terms of the fundamental interactions.
It is clear from Fig. (1) that in the intermediate regime between f min and f max , the size of a pearl-necklace structure is determined by the size of the pearls (beads d bead ) and necklaces (strings l str ) that contribute to the overall structure. The size of the pearl-necklace structure can be calculated in two limits: when d bead ≫ l str , the pearl-necklace structure is dominated by beads and corresponds to the regime f min ≃ f < f c , represented by a dashed line on the left hand side of f c ; the opposite limit of l str ≫ d bead corresponds to the regime f c < f ≃ f max . It is worth mentioning that the size of pearl-necklaces follow universal scaling in terms of N/N R only close to the globular and rod-like states. This is because the globular and rod-like regions are separated by a first-oder transition [5] .
In what follows, the size of pearl-necklaces is estimated in the limits mentioned above. With the increase in the fraction of charges, the collapsed globule with size given by R glob ∼ (N/N T ) 1/3 ξ T is expected to break down into small sized globules (beads), the size of which is given by
It is clear from Fig. (1) that for f min ≃ f < f c , the size of the bead d bead is much larger than the length of the string l str , i.e., d bead ≫ l str . In this limit, for N > N R the electrostatic interactions determine the overall size
This gives the size of a pearl-necklace chain in the limit d bead ≫ l str . The size obtained in this limit is similar to the elongated globule picture of Khokhlov [24] . It is to be noted that the number of pearls are given by n p ∼ N/N R ∼ In the limit f c < f ≃ f max , the length of the string l str is much larger than the size of the string d bead , i.e.,
On the local length scale, the length of the string is dictated by the gaussian statistics given by
The above scaling can also be obtained be comparing the surface energy of the string, k B T l str /ξ T , with the electrostatic repulsion between the pearls, k B T f 2 l B N 2 R /l str [5] . On large length scale, the electrostatic interactions dominate and the overall size is given by
which yields the pearl-necklace size in the limit l str ≫ d bead .
The size of the bead, string, pearl-necklace and the number of pearls calculated from the uniform expansion method is in complete agreement with the previous scaling theories [13, 14, 15, 16] . The advantage of the present theory is that one can easily include the effects of salt. The details are presented in the next section.
IV. POLYELECTROLYTE CHAIN IN THE PRESENCE OF SALT
The limit of β ≫ 1 in Eq. (9) represents the case of high salt concentration. In this limit F (β) → β 3/2 and Eq. (8) reduces to
In a theta solvent, the electrostatic term is a perturbation (α ∼ 1) as long as
el,salt b, where
is the number of monomers inside the electrostatic blob of size given by
In a theta solvent, the third term in Eq. (21) can be ignored and the fourth term represent the excluded-volume type interaction term. In this limit, the comparison of the second and the fourth terms yields
The latter represents a self avoiding walk with an effective persistence length given by
With the increase in the salt concentration the κ-dependent electrostatic blob size will increase until ξ el,salt becomes of the order of ξ elec . The comparison of the two gives the minimum value of the salt concentration that influences the electrostatic blob size,
For κ < κ min , the charges on the chain backbone are unscreened and the size is given by R rod ∼ bN (f 2 l B /b) 1/3 . In the opposite limit, κ > κ min , some of the charges are screened and the size is given by
The blob size increases with increase in salt concentration until κ = κ θ . At this salt concentration, the effective excluded volume, v
, becomes zero and
At κ = κ θ , the electrostatic blob size ξ el,salt becomes equal to the thermal blob size ξ T = b/τ and the chain behaves like an ideal chain. For κ > κ θ , the effective excluded volume becomes negative due to which the attractive interaction dominates and the thermal blobs of size ξ T collapse to form a globule of size R glob ∼ bτ −1/3 N 1/3 . Thus the pearlnecklace intermediates are dissolved at the salt concentration given by κ = κ θ .
The comparison of Eq. (27) with Eq. (19) shows that κ θ ∼ 1/l str implying r D ∼ l str . The latter shows that the salt concentration that dissolves the pearl necklace structure corresponds to the case where the Debye screening length is of the order of the necklace (string) size.
To understand these results quantitatively, Eqs. (8) and (9) can be solved numerically. The result is presented in Figure 2 , which is a plot of the dimensionless ratio of the chain size α as a function of the dimensionless inverse sreening length β. The curve shows a slow decrease in the chain size with the increase in the salt concentration followed by an abrupt collapse to a globular state. As suggested by the above scaling arguments, the abrupt transition is expected to take place at salt concentration given by κ θ ∼ (f 2 l B /b 3 τ ) 1/2 . In terms of the dimensionless parameters β, the transition is expected to take place when β c = κ 2 θ N b 2 /6. For τ = 0.5, f 2 l B /b = 0.1 and N = 100, the scaling predicts the transition at β c = 3.3. This is very close to the value of β c = 3.0 in Fig. (2) obtained by solving Eqs. (8) and (9) numerically.
Figures 3a-3c are the plots of the dimensionless size α as a function of the reduced temperture τ at three different salt concentrations characterized by κb = 0.17, 0.35, 0.42 respectively, obtained by solving Eqs. (8) and (9) numerically.
For the values of N = 100, f 2 l B /b = 0.05 used in Fig. 3a-3c , the minimum salt concentration required to influence the polyelectrolyte size is given by κ min b ∼ (f 2 l B /b) 1/3 ∼ 0.37. Fig. 3a corresponds to the case where κ < κ min . As a result, the charges on the polyelectrolytes are completely unscreened and the first-order transition proceeds via the formation of an intermediate pearl-necklace structure; Figure 3b represents the intermediate regime where κ ∼ κ min and some of the charges on the chain are screened. In this limit the fraction of charges on the chain are too small to form the metastable pearl-necklace structure and the transition is weakly first order. As before, the transition is expected to take place when
.05 and κb = 0.35, the scaling suggests that the transition takes place at τ c ∼ 0.4. This is very close to the value of τ c = 0.37 in Fig. 3b ; Figure 3c represents the case where κ > κ min and the charges on the chain backbone are completely screened. In this limit the transition becomes smooth and continuous second-order in nature.
V. CONCLUSIONS
We have used the uniform expansion method of Edwards and Singh to study conformational transitions of poly- In the presence of salt, the electrostatic blob size depends on the salt concentration and is found to be larger than that of the unscreened case. We determine the minimum salt concentration, κ min , at which the size of the electrostatic blob is influenced. For κ < κ min , the size of the polyelectrolyte rod is governed by the unscreened electrostatic interactions. For κ ∼ κ min , on the other hand, some of the charges are screened and this results in the increase in the electrostatic blob size amounting to decrease in the polyelectrolyte size. The electrostatic blob size increases with the increase in the salt concentration until it becomes equal to the thermal blob size. We determine the salt concentration, κ θ , at which the thermal blob size is equal to the electrostatic blob and the polyelectrolyte behaves like a neutral ideal polymer. This is the concentration at which the pearl-necklace intermediates are dissolved and the transition proceeds directly. For κ > κ θ , most of the charges on the chain backbone are screened and the attractive interactions dominates resulting in the chain collapse to form a globule. Our scaling predicts that the pearl-necklace intermediates dissolve when the Debye screening length is of the order of l str . In a future publication, the present formalism will be extended to include the effects of counterion condensation [26] . 
, are fairly standard and can be found in References [19] and [20] .
The uniform expansion method of Edwards and Singh does not include the three body interaction term. A detailed calculation of the three body interaction term is given in Ref. 23 . In what follows, we present a few important steps required to calculate the three body interaction term, R 2 1
In terms of the wave vectors k and q, the above equation can be rewritten as
To calculate the quantity of interest, it is important to expand the mean square end-to-end distance and the probability distribution in terms of the internal coordinates. Since the probability distribution is Gaussian, the averages can easily be calculated to give the following expression:
One can repeat the above procedure to calculate R 
The above equation can be rewritten as (A9)
The last integral diverges as q → ∞. The divergence can be removed by introducing an upper cut-off for the wave number q, the details of which are discussed in Ref (23) . The integrations in Eqs. (A2), (A3) and (A9) can easily be carried out, the results when substituted in Eq. (7) gives the following variational equation: 
